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Abstract

It will be defined a globalization for a partial H-bicomodule algebra, extending the notion given by
E. Batista and M. Muniz Alves [1]. It will be also shown that every partial H-bicomodule algebra
has a globalization and if H° separate points, there is an isomorphism of HY bimodule algebras
between the standard globalization for partial H-bicomodule algebra and the standard globalization

for partial H%-bimodule algebra.

Bicomodule Algebra
A K-algebra B is a left H-comodule algebra if exists a linear map A : B — H ® B such

that:

(i) M(ab) = A(a)\(b);

(ll) (8 X IA))\(a) = 1g ® a;

(iii) (IA &) )\))\(a) — (A X IA))\(a);

We can define a right H-comodule algebra in a similar way, using a linear map
p:B— B®H.

We say that B is an H-bicomodule algebra if it is a left and right H-comodule algebra
and (I ® p)A = (A ® Iy)p.

We usually denote A\(a) = a '® aand p(a) = at’ @ a™.

Examples
Example 1: Let A a unital algebra. Then A is an H-bicomodule algebra with the trivial

coactions given by p(a) = a® 1y and A\(a) = 1y ® a.

Example 2: H is an H-bicomodule algebra with coactions given by p = A = Ay,

Partial Bicomodule Algebra
A K-algebra A is a left partial H-comodule algebra if exists a linear map A\: A —- H® A

such that:

(i) A(ab) = A(a)A(b)

(II) (8 %Y IA))\(a) = 1x® a

(iii) (L@ MA(a) = (A ® Ix)A(a)(1y ® A(14)) for all a, b in A.

We can define a right partial H-comodule algebra in a similar way, using a linear map
p:A— AR H.

We say that A is a partial H-bicomodule algebra if it is a left and right partial
H-comodule algebra and (I ® p)A = (A ® Iy)p.

Examples
Example 1: Let G a finite group and A an algebra over a field K. Let G; and G, two

subgroups of G such that their respective orders do not divide the characteristic of
K.Then A is a partial KG-bicomodule algebra with coactions

p:A— AR KG and A\: A —- KG® A
a|—>a®z|711|g a%Zﬁg@a-
g€ Gy geG)
Example 2: Let H, = (g, x|g? = 1,x* = 0,xg = —gx) the Sweedler algebra over a
field K with characteristic different of 2. Then K becomes a partial H;-bicomodule
algebra with coactions defined by

pK%K®H4
1k — 1k @31+ 1g + axg
where o, 5 € K.

and A: K — Hi® K
1k — 21+ 2g + Bx ® 1k

Correspondence T heorems
Theorem 1: If A is a right H-comodule algebra with coaction p, then A is a left

H°-module algebra with action f>a = a™°f(a™). Analogously if A is a left H-comodule

algebra with coaction A, then A is a left H°-module algebra with action
a<f=a"’f(al).

Theorem 2: Let H be a Hopf Algebra such that H° separate points, A a K-algebra and
p:A— A® H alinear map. If Ais a left (partial) H>-module algebra with the action
given by f>a = a™f(a™) so A is a right (partial) H-comodule algebra by p. A similar
result works for right actions and left coactions.

Theorem 3: Let A be an algebra, the linear maps p, A and the induced maps >, < like
above. If H° separate points, then A is a (partial) H-bicomodule algebra with coactions p
and ) if and only if A is a (partial) H°-bimodule algebra with the induced actions > and <.

Correspondence Between Induced Actions and Induced Coactions

Suppose H is a Hopf algebra such that H° separate points. Let B be an H-bicomodule
algebra and consider in B the induced structure of H-bimodule algebra. If exists a unital
subalgebra A of B, then the following statements are equivalent:

o(a<f)(grb)=(a<xf)la(g>b)inA Va,bc Aand f,g € H°

Q ()\(a) 029 1/-/)(1/-/ 029 p(b)) — ()\(a) 02y 1/_/)(1/_/ R 1R 1/_/)(1/_/ %Y ,O(b)) n HR AR H,
Va, b € A.

Induced Partial Coaction
Let B be an H-bicomodule algebra and A a unital subalgebra of B such that

(Aa) ® 1y)(1y @ p(b)) = (Ma) ® 1n)(1y @ 14 @ 14)(14 @ p(b)) in H® A® H,
Va,b € A. So A becomes a partial H-bicomodule algebra with coactions given by

p:A— ARQH A A= H® A

a— (1a® 1y)p(a) a— MNa)(ly ®1a)

Globalization :
Given a unital partial H-bicomodule algebra A with partial coactions p, A, a pair (B, 6) is a

globalization for A, with coactions p, A, if # : A — B is an algebra monomorphism and

@ B is the H-bicomodule algebra (not necessarily unital) generated by 8(A), i.e., the
smallest H-bicomodule algebra containing 6(A)

0 (AED@(a)X ® 1p)(1n @ p(0(b))) = (In ® 0 @ Iy)((A(P(a)) @ 14)(1n @ p(p(b)))) for all
a,beA.

Some Consequences of Globalization
If B is a globalization of A, so we have some properties:

(i) (0 ® In)(p(a)) = (0(1a) ® 14)p(0(a))
(i) (/v ® 0)(A(a)) = AM(0(a))(1n @ 0(14))
(i) (/n ® 0 & Iy)(A @ In)p(a)) = (1n @ 0(1a) @ 1h)[(A @ In)p(0(a))](1h @ 0(1a) @ 1) =

(1h ® 0(1a) @ 1y)[(Ih @ p)A(0(a))](1n ® 0(14) @ 14) = (In ® 0 @ Iy)((In ® p)A(a))

A Foundation Lemma
Let B be an H-bicomodule algebra with coactions p and A\, A C B a subalgebra and

S := H*> A< H* an H*-bimodule where the actions are induced by the coactions. Then the
algebra generated by S is the smallest H-bicomodule subalgebra of B containing A.

Standard Globalization
Let A be a partial H-bicomodule algebra by (p, A\) and take X .= H® A® H.

Note that A is an H-bicomodule algebra with coactions

p: X > XQH and A\ : X - H® X
X > (//_/ R Iq ® AH)(X) X > (AH X Iy ® //_/)(X)
Moreover, there exists a multiplicative monomorphism from A to X defined by:
o:A— X
ar— (Iy® p)\(a)

svuchbtha;\ (Me(a)) ® 1n)(1h @ p(9(b))) = (In ® ¢ @ I)((M(¢(a)) ® 1x)(1n ® p(4(b))))
a,b e A.

Using the above result, we obtain that the algebra B generated by H* > ¢(A) < H* is an
H-bicomodule algebra and so it is a globalization for the partial H-bicomodule algebra A.
We call this globalization the Standard globalization for a partial H-bimodule algebra. And
this construction shows the following result:

Theorem: Every partial H-bicomodule algebra has a globalization.

Correspondence Between Globalizations for Partial H-Bicomodule Algebra

and Partial H%-Bimodule Algebra

Note that X is an H-bimodule algebra with the induced actions, i.e.,
fFr(h®@a®k):=(h®a®k)f(h®a® k)™)

(h® a® kif(ky))

(h®axk)<f =f((h®a®k) ) h®a k)™

f
f(hl)h2® a k

Now we define the linear map
V:HR AR H — Hom(H’ ® H°, A)
h®a®@k—V(h®a®k)(f®g):="f(h)ag(k)

The map V is an algebra homomorphism and an H-bimodule map. Moreover, V¢ = o,
where ¢ is the standard globalization for the induced partial H'-bimodule algebra A. If H°
separate points, WV is injective.

So we obtain a new result:

Theorem:If H° separate points, then the standard globalization of A as a partial
H-bicomodule algebra and the standard globalization of A as partial H%-bimodule algebra
are isomorphic as H°-bimodule algebras.
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